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ON (n,m)-NORMAL POWERS WEIGHTED COMPOSITION OPERATORS
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ABSTRACT: An operator T € B(H) is called (n,m)-normal powers operator if

T*(T™)* = (T™)*T™ for some

nonnegative integers n and m. In this paper we characterized (n, m)-normal powers weighted composition on Hardy

space HZ.
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1. INTRODUCTION.

Let U denote the open unite disc in the complex plan,
H> denotes the collection of all bounded holomorphic
functions on U and let H? s consisting of all holomorphic
functions on U such that f(2) =Yxoa,z" whose
Maclaurin coefficients are square summable (i.e) f(z) =
Y& ola,|? < . More precisely f(z) = ¥*_,a,z" € H?

if and only if ||f]l = X% la,|? < «.The inner product
inducing the H?  norm is given by {f.g) =
Z?f:o an bn

where f(z) = Yoo anz™ and g(2) = Yoy bpz™

Given any holomorphic self-map ¢ of U, recall that [9] the
composition operator is defined as follows C,(h) =
hop (h € H?).Itis called the composition operator with
symbol ¢, is necessarily bounded. Moreover, let f €
H*, the operator Tr defined by
Tr(h(2)) = f(2)h(2), (z€ U,h€H?)
is called the Toeplitz operator on H? with symbol f . Since
f € H*,then T is called a holomorphic Toeplitz operator.
If T is a holomorphic Toeplitz operator, then the operator
T¢C,, is bounded and has the form
TrCog = f(g © @) (g € H?).

It is called the weighted composition operator with symbols
f and ¢ [7]. The weighted composition operator is denoted
by
Wrp9=1(g°¢) (g € H?).

For given holomorphic self-maps f and ¢ of U, Wy, is
bounded operator even if f ¢ H*® .To see a trivial example,
consider ¢(z) =p where p € U and f € H?, then for all
g € HZ2, we have

[ Wroall =lg@IFI =171 [{g, K| <

A1 gl Il -
In fact, if f € H* , then W, is bounded operator on H?
with norm

| |
1wyl = 1€l < 1Nl = f1, [T,

We collect some properties of Toeplitz and composition
operators in the following known results.

Lemma (1.1): Let ¢ be a holomorphic self-map of U, then
(@) CoTr = Trog Co.

(b) TyTy = Typ.

(©) Triyg =Ty +vT,.

(d) TF =Tp.

Proposition (1.2):[1] Let ¢ and y be two holomorphic self-
map of U, then

L Cr=C,,
(p (@] (p QO +«. O (p .
R S

n—times

for all positive integer n, where ¢, =

2. C, is the identity operator if and only if ¢ is the
identity map.
3. C, =C, ifand only if ¢ = .

4. The composition operator cannot be zero operator.
For each a € U, the reproducing kernel at a ,defined by

Ka(2) = 1—1az'

It is easily seen that the family {K,}«cy forms a dense
subset of HZ. In [4], the adjoint of weighted composition
operator on the reproducing kernel at « is as follows
W]:,(pKa = f(a)Kq,(a).

If @(z) =(az+ b)/cz+d) is linear-fractional self-map
of U, Cowen in [5] establishes Cg, = T,C,T,, Wwhere the
Cowen auxiliary functions g, o and h are defined as follows:
9(z) =1/(=bz+d), o(z) = (az—c¢c)/(—bz +

d) and h(z)=cz+d .

Therefore Wy, = (T;Cp)" = CoTy = TyC,T, Ty .

Recall that an operator T € B(H) is called normal if
[ITx|| = ||T*x|| for all x € H. In [2] the author introduced
the (n, m)-normal powers operators as follows: an operator
T € B(H) is called (n,m)-normal powers operator if
T™(T™)* = (T™)*T™ for some nonnegative integers n and
m. Moreover, T is called (n,m)-unitary powers operator if
and only if TY(T™) = (T™)'T" =1 for some
nonnegative integers n and m. In the following theorem the
author gives a necessary condition for T to be (n,m)-
normal powers operators.

Proposition (1.3): LetT € B(H). If T is (n,m)-normal
powers operator, then T™™ is normal operator.

In [4] Bourdon and Narayan characterized normal weighted
composition operator on HZ. In this paper, we give a
characterization of (n,m)-normal powers weighted
composition operator on H? when ¢ has interior fixed point
of U.

2. (n, m)-normal powers weighted composition operator
on HZ.

First, Cowen [6] described the normal composition operator
as follows.

Theorem (2.1): Let ¢ be a holomorphic self-map of U.
Then C,, is normal if and only if ¢(z) =iz for some [A|<
1.

The following consequence describes the (n,m)-normal
powers composition operator on H?Z.

Theorem (2.2): Let ¢ be a holomorphic self-map of U.
Then C, is (n, m)-normal powers if and only if ¢(z) = Az
for some [A|< 1.

Proof: If C, is (m,m)-normal powers, then by
proposition(1.3) Cy;™ = C,,,. is normal operator. Thus by
theorem(2.1) we have @,,,(z) =iz for some |[A| < 1.
Hence it is easily seen that ¢(z) =iz for some [A| < 1.
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The converse is straightforward by the fact that every
normal operator is (n, m)-normal powers m
Corollary(2.3): Let ¢ be a holomorphic self-map of U.
Then C, is (n,m)-normal powers if and only if C, is
normal.
Corollary(2.4): Let ¢ be a holomorphic self-map of U.
Then C,, is (n,m)-unitary powers if and only if ¢(z) = Az
for some |A| <1 such that A" A" =1 for some nonnegative
integers n and m.
Proof: If C, is (n,m)-unitary powers, then it is (n,m)-
normal powers. Thus by corollary(2.3) and theorem(2.1)
o(z) =Xz for some |A| < 1. Moreover, for each aeU we
have
C(:’l(cgl)*K“(Z) = C(Pn(c(ﬂm)*K“(Z) = (C‘Pm)*C‘PnK“(Z) =
K, (z). Hence for each aeU we have

CHER) Ka@) = Cpy (€)K@

= CanK<Pm(“)(Z) = K<Pm(0l) ((pn(z))

=K, (2).
It follows that for each aeU,
1 1
Then,

1-pm(a)pn(2) - 1-az’

1 1
1- A" \"az 1-az
Thus A™ A™ = 1. The converse is clear m
Proposition (2.5): Let ¢ be a non-constant holomorphic
self-map of U and f € H”. If Wy, is (n,m)-normal
powers operator, then either f = 0 or f never vanishes on
U.
Proof: Assume that Wy, is (n,m)-normal powers

operator such that f(8) = 0 for some peU. Thus Wy Kz =
F(B)K,s) = 0. But by proposition(1.3) W/'a* is normal.
Hence

ksl = N w7) Kol = [ (FB)™ K 1=0.
Therefore for each BeU W/ Kp = 0. This implies that
W'y = 0. Hence by [8] we have

We' = Tr(rop)(rops).roonm-1)Conm = 0- BUL by
proposition(1.2) (4) we have Tr(fop)(fop,)..(Fopnm—r) = 0- It
follows that f(¢;(U)) = 0 for some 1 < i <nm — 1. But ¢
is non-constant, then by open mapping theorem f = 0 on U.
Proposition (2.6): Let ¢ be a non-constant holomorphic
self-map of U, f € H*/{0}. If W, is (n,m)-normal
powers operator, then ¢ is univalent =

Proof: If ¢ is not univalent on U, then there exists a,b € U
such that a # b,¢@(a) = @(b). Since f %0, then by
proposition(2.5) we get that f(a) #0,f(b) # 0. Putg =
% — %. Since a # b, then g # 0. Therefore, it is easily
seen  that  Wr,g =Ky — Koy =0. But by
proposition(1.3) W/ is normal, then ||[W/nigl =
|(Wrm)"g|| =0. This implies that W/ mg = 0. Therefore
Wr6'9 = Tr(rop)092).(fopnm-1) Copnmd = 0- It implies that
(f © (P(Z))(f © @, (Z)) .- (f o (pnm—l(z))g((pnm(z)) =0.
Since f # 0, then by proposition(2.5)  f(¢;(U)) # 0 for
each 1 <i < nm — 1. It follows that g(¢,,,(U)) = 0 . But
@ is non-constant, then by open mapping theorem g = 0 on
U, which a contradiction. Therefore, ¢is univalent =
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Now we are ready to discuss the sufficient condition for
(n, m)-normal powers operator when ¢ has an interior fixed
point of U.
Proposition (2.7): Let ¢ be a holomorphic self-map of U,
f € H” such that ¢(p) =p for some p € U. If W, is
(n, m)-normal powers operator, then

(f @)D" Ky

fFop)fope)..(f O Prmy) = K, 0 o

Proof. Since Wy, is (mn,m)-normal powers, then by
proposition(1.3) W7y is normal. But (Wf’f;}l)*Kp =
W;,)""K, = (F())""K,. Hence K, is an eigenvector
for (W) corresponding to eigenvalue (F(p))" . But
Wyg s normal, then K, is an eigenvector for
Wy corresponding  to eigenvalue  f(p)™™ (see [3]).
Therefore Wi 'K, = f(p)"™ K. Thus

Tt (fop)(f002).(foonm-1) ConmKp = ()" K. It follows that

f(f o (p)(f o ‘Pz)- . (f o ¢nm—1)(Kp o (pnm) = f(p)anp-
This implies that

f(f ° w)(f © (pZ)(f © ¢nm—1) = w

KpOo®nm
Now, since K, =1, then by Proposition(2.7) we get an
immediate result.
Corollary (2.8): Let ¢ be a holomorphic self-map of U,
f € H® such that ¢(0) =0. If Wy, is (n,m)-normal
powers operator, then f(f © @)(f © @3)...(f © Ppm-1) 1S
constant and C,,__is (n, m)-normal powers.

Pnm
From corollary(2.8) and theorem(2.2) we conclude the
following consequence.
Corollary (2.9): Let ¢ be a holomorphic self-map of U
with ¢(0) =0 and f € H* such that |[f(z)|=1 on U.
Then W, is (n,m)-normal powers operator if and only if
f(fop)(f ©@y)...(f © @um_1) is constant and ¢(z) = Az
for some [A|<1.
Proposition(2.10): Let ¢ be a linear fractional self-map of
U and f(f o @)(fogz)...(fopi—1) = Kg, (2), i =n,m.
Then W, is (n, m)-normal powers operator if and only if
dmdy
— — — — Cp. oo, =
(dmdn — cmcn)_— (bmdn - amcn)z Pnoom
dmdy, c
(adn - mbn) - (Hfln - Ecn)z omeen
where g; is the Cowen auxiliary function of ¢;.
Proof: Recall that if ¢ is a linear fractional self-map of U,
then C, =T,C,T,, where the Cowen auxiliary functions
g, o and h are defined as follows:
9(z) =1/(=bz+d), o(z) = (az—¢)/(—bz +
d) and h(z)=cz+d .
Since ¢ is a linear fractional self-map of U, then it is clear
that C,,, is also a linear fractional self-map of U. Therefore,
Co; = Ty,Cs,Tr, Where the Cowen auxiliary functions g;,
o; and h; are defined as follows:

i\Z) = —/——,
9@ =T

(2) =25
oi\Z) = —/———,

' —b,z+d,
and hi(Z) = CiZ + di'

d; .

Note that, Kai(o)(z) =y then Ko, ) (2)h; =d;, i=
n, m. Thus for each v € H?

we get
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(W) Wiv .

= (Tf(fo«z)(fowz) (foPm_1) wm) Tt (ro@)(Fo2)..(fown-1)ConV

- C‘PmTf(f°<P)(f0<P2) (fopm- 1)Tf(f0<p)(f0<pz) (fopn- 1)C v

= Ty ComThm | FFoa) Fow) - Fowmn) L (Fo0) f0p3).(fopn—1) ConV

= TomConThnks, o) Tkopgy Con ¥

= DTy ConTits, ) Con?

m
= d_Tg TKU‘ n(o )OO'mC om C(Pn v

d g (Kgn(o)ogm) C‘Pncdm

= dm Im- Ko (O)OO'm.‘UO(pnOO'm.

Similarly,

Wfr,lrp(Wf%) v .
= Tr (rop)(Fop2).(foon-1) Con (Tr(Fo0)Fo02)..fowm—1) Com) ¥
Tt (fo9) (F092).(f00n-1)ConCom T FFop) Fop - FoomD Y

v
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